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Abstract 
The impact of deregulation in power system has changed the electricity pricing scheme where the prices are governed by the 
rules of market operation.  The prices must take into account the effect of load and must be based on the change in the operating 
state of the system. In this paper an optimal power flow approach is used to determine the marginal clearing price along with the 
nodal prices by minimizing the total system operation cost. The method uses marginal loss coefficients (MLCs) to get these 
prices, the results are compared with realistic ZIP, residential, industrial and commercial (RIC) load patterns which are also 
considered with seasonal variations such as winter, summer and spring seasons. The entire study is conducted on IEEE 33 bus 
radial distribution system (RDS) using GAMS 23.4 and the seasonal load is taken from IEEE Reliability Test System (RTS) data. 
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1. Introduction 
With the introduction of deregulation in the electricity market, finding of electricity price is gaining more 
importance in the distribution systems, it is seen that the techniques used for the transmission pricing can also be 
applied to the distribution system [1] such as nodal pricing, which is an efficient method for calculation of marginal 
cost of energy along with marginal cost of losses. 
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Nomenclature 
Sets 
ܵீǡ ܵ஻ǡ ܵோƬܵ௅  Set of system generators, buses, reactive power sources and branches 
Index variables 
i, j, l & t   Index variables for nodes, branches and time respectively 
Variables 
ܽ௜ǡ ܾ௜ǡ ܿ௜    Cost coefficients which are taken as 0.01, 40 and 9 respectively 
௜ܸ
௠௔௫ǡ ௜ܸ௠௜௡Ƭ ௜ܸ  Maximum, minimum limits of voltage and voltage magnitude respectively in Volts 
଴ܸ   Nominal voltage taken as 1 per unit  
ܲீ ௜௠௔௫ǡ ܲீ ௜௠௜௡  Maximum, minimum limits of active power generation   
ܳோ௜௠௔௫ǡ ܳோ௜௠௜௡  Maximum, minimum limits of reactive power generation 
ܲீ ௜ ǡ ܳோ௜    Active and reactive power generations  
஽ܲ௜ ǡ ܳ஽௜     Active and reactive power demands  
௜ܲ ǡ ௜ܳ    Active and reactive power injections 
஽ܲ௜଴ǡ ܳ஽௜଴   Base case demands of IEEE 33 bus RDS 
ܩ௜௝ǡ ܤ௜௝     Conductance and admittance of branch i – j  
ߠ௜ǡ ߠ௜௝    Voltage angle and angle difference between nodes respectively 
ܮ    Total system power loss 
௟ܲ
௠௔௫Ƭ ௟ܲ    Power flow limit of a branch and power flowing through it respectively 
ߩ௉௜ǡ ߩொ௜     Active and reactive power MLCs 
 
In [2] dispersed generation is considered to allocate the losses which uses marginal loss coefficients and direct 
loss coefficients to determine the nodal prices, the impact of renewable energy integration on nodal prices is studied 
in [3] including the effect of intermittent load. Nodal pricing based method is also used for the location of DG as in 
[4], the above analysis is extended in [5] by making the loss minimum. In [6 – 7] the effect of solar and wind 
generation on distribution system prices were analyzed. The dynamic tariff concept is introduced in [8] which is 
based on the distribution locational marginal prices to solve the congestion problems which is attained by controlling 
the price values at different nodes, the above analysis is extended in [9] to consider the inter temporal characteristics 
of the flexible load. A new quadratic programming based approach is presented in [10] to address the multiple 
solutions of the decentralized aggregator optimization algorithm which is used in [9]. 
The nodal price behavior considering the ZIP and RIC loads, is considered in [11] with the load flow based 
formulation. This work is extended in this paper by formulating an optimal power flow including the re-conciliated 
marginal loss coefficients and the price variations are shown for different loading conditions including the seasonal 
variation. The rest of the paper is organized into 4 sections. Section 2 describes the mathematical model including 
the optimal power flow, marginal loss coefficients formulation along with load modeling. Section 3 gives the results 
and discussion of the considered network where as the section 4 conclude the paper. 
2. Mathematical model formulation 
2.1. Optimal power flow formulation 
Optimal power flow is formulated by minimizing the total operational cost which is given by the equations (1- 7) 
Minimize  σ ܽ௜௜ ܲீ ௜ଶ ൅ ܾ௜ܲீ ௜ ൅ ܿ௜ (1) 
Subject to 
ܲீ ௜ െ ஽ܲ௜ െ ௜ܸ σ ௝ܸ൫ܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ ܤ௜௝ ݏ݅݊ ߠ௜௝൯௡௝ୀଵ ǡ ݅ א ܵ஻  (2) 
ܳோ௜െܳ஽௜ ൅ ௜ܸ σ ௝ܸ௡௝ୀଵ ൫ܩ௜௝ ݏ݅݊ ߠ௜௝ െ ܤ௜௝ ܿ݋ݏ ߠ௜௝൯ǡ݅ א  ܵ஻  (3) 
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ܲீ ௜௠௜௡ ൑ ܲீ ூ ൑ ܲீ ௜௠௔௫ǡ ݅ א ܵீ   (4) 
ܳோ௜௠௜௡ ൑ ܳோ௜ ൑ ܳோ௜௠௔௫ǡ ݅ א ܵோ  (5) 
௜ܸ
௠௜௡ ൑ ௜ܸ ൑ ௜ܸ௠௔௫ǡ ݅ א ܵ஻   (6) 
ȁ ௟ܲȁ ൌ ห ௜ܲ௝ห ൌ ห ௜ܸ ௝ܸ൫ܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ ܤ௜௝ ݏ݅݊ ߠ௜௝൯ െ ௜ܸଶܩ௜௝ห ൑ ௟ܲ௠௔௫ǡ ݈ א ܵ௅ (7) 
2.2. Nodal pricing based on marginal loss coefficients (MLCs) 
Nodal prices for distribution system can be derived by following the method adopted for transmission nodal 
pricing in which to get price at each node of the distribution system, the MLCs have to be calculated first. MLCs are 
coefficients which indicate the marginal or incremental deviation in total active power loss due to the changes in 
active and reactive power injections at a particular node of the system [12]. 
ߩ௉௜ ൌ 
డ௅
డ௉೔
  (8) 
 ߩொ௜ ൌ 
డ௅
డொ೔
  (9) 
The power supply point (PSP) is defined as the connection between transmission and distribution systems. The 
price at PSP is indicated by λ (USD/MWh) which depends on solution of optimal power flow and is given by the 
following relation. 
ߣ ൌ ʹܽ௜ܲீ ௜ ൅ܾ௜  (10) 
Nodal prices for active and reactive power at all nodes can be found by using following relations 
௉ܰ௜ ൌ ߣሺͳ ൅ ߩ௉௜ሻ  (11) 
 ொܰ௜ ൌ ߣߩொ௜   (12) 
In the above analysis the reactive power price at PSP is taken as zero. To determine the MLCs Jacobean matrix 
method [13] is considered in which the intermediary variables, bus voltage magnitude and angles from the OPF 
result are used. This method is based on the fact that there is no direct correlation between the power injections and 
power losses. The equations (13 – 20) describe the above mentioned method. 
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డ௉೔
డఏೕ
ൌ  ௜ܸ ௝ܸൣܩ௜௝ ݏ݅݊ ߠ௜௝ െ ܤ௜௝ ܿ݋ݏ ߠ௜௝൧  (14) 
డ௉೔
డఏ೔
ൌ െܤ௜௜ ௜ܸଶ െ σ ௜ܸ௡௝ୀଵ ௝ܸൣܩ௜௝ ݏ݅݊ ߠ௜௝ െ ܤ௜௝ ܿ݋ݏ ߠ௜௝൧ (15) 
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డ௉೔
డ௏ೕ
ൌ  ௜ܸൣܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ܤ௜௝ ݏ݅݊ ߠ௜௝൧  (16) 
డ௉೔
డ௏೔
ൌ ܩ௜௜ ௜ܸ ൅ σ ௝ܸൣܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ܤ௜௝ ݏ݅݊ ߠ௜௝൧௡௝ୀଵ   (17) 
డொ೔
డఏೕ
ൌ െ ௜ܸ ௝ܸൣܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ܤ௜௝ ݏ݅݊ ߠ௜௝൧  (18) 
డொ೔
డఏ೔
ൌ െܩ௜௜ ௜ܸଶ ൅ σ ௜ܸ ௝ܸൣܩ௜௝ ܿ݋ݏ ߠ௜௝ ൅ܤ௜௝ ݏ݅݊ ߠ௜௝൧௡௝ୀଵ  (19) 
డொ೔
డ௏ೕ
ൌ  ௜ܸൣܩ௜௝ ݏ݅݊ ߠ௜௝ െ ܤ௜௝ ܿ݋ݏ ߠ௜௝൧  (20) 
డொ೔
డ௏ೕ
ൌ െܤ௜௜ ௜ܸ ൅ σ ௝ܸൣܩ௜௝ ݏ݅݊ ߠ௜௝ െ ܤ௜௝ ܿ݋ݏ ߠ௜௝൧௡௝ୀଵ  (21) 
The total loss of the distribution system is given by following relation  
ܮ ൌ  ଵଶσ σ ܩ௜௝ൣ ௜ܸ
ଶ ൅ ௝ܸଶ െ ʹ ௜ܸ ௝ܸ ܿ݋ݏ ߠ௜௝൧௡௝ୀଵ௡௜ୀଵ   (22) 
From the above equation, the derivative of loss with respect to voltage angles and magnitudes can be found as 
follows  
డ௅
డఏ೔
ൌ ʹσ ௜ܸ௡௝ୀଵ ௝ܸܩ௜௝ ݏ݅݊ ߠ௜௝   (23) 
డ௅
డ௏೔
ൌ ʹσ ܩ௜௝ൣ ௜ܸ െ ௝ܸ ܿ݋ݏ ߠ௜௝൧௡௝ୀଵ   (24) 
2.3. Reconciliated marginal loss coefficients 
In the above analysis the loss obtained with MLCs is higher than the actual loss as stated in [2] hence the MLCs 
are modified to account the cost of actual loss in the system by multiplying them with the reconciliation factor (Rf). 
Rf is determined by using following relations. 
ܴ݂ ൌ  ௅௅ೌ೛೛ೝ೚ೣ                                                                                           (25) 
Where ୟ୮୮୰୭୶ is given by ܮ௔௣௣௥௢௫ ൌ σ ൣߩ௉௜ ௜ܲ ൅ ߩொ௜ܳ௜൧௡௜ୀଵ  (26) 
With consideration of reconciliation, the relations for finding active and reactive nodal prices are modified as 
given below 
௉ܰ௜ ൌ ߣሺͳ ൅ ܴ݂Ǥ ߩ௉௜ሻ  (27)    
 ொܰ௜ ൌ ߣǤ ܴ݂Ǥ ߩொ௜   (28) 
2.4. Load modeling 
The considered load at each node is modeled depending on three factors such as voltage, active and reactive 
powers at that respective node. The load is assumed to be a combination of residential, commercial and industrial 
load which varies with respect to time and expressed by the following relations 
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஽ܲ௜ሺݐሻ ൌ  ஽ܲ௜଴ሺݐሻ ൤ߙሺݐሻ ቀ
௏೔ሺ௧ሻ
௏బ
ቁ
௡௣௥
൅ ߚሺݐሻ ቀ௏೔ሺ௧ሻ௏బ ቁ
௡௣௖
൅ ߛሺݐሻ ቀ௏೔ሺ௧ሻ௏బ ቁ
௡௣௜
൨ (29) 
ܳ஽௜ሺݐሻ ൌ ܳ஽௜଴ሺݐሻ ൤ߙሺݐሻ ቀ
௏೔ሺ௧ሻ
௏బ
ቁ
௡௤௥
൅ ߚሺݐሻ ቀ௏೔ሺ௧ሻ௏బ ቁ
௡௤௖
൅ ߛሺݐሻ ቀ௏೔ሺ௧ሻ௏బ ቁ
௡௤௜
൨ (30) 
The parametersߙሺݐሻ,ߚሺݐሻ and ߛሺݐሻ are the fractions of residential, commercial and industrial load at node i at 
time t where as the parameters npr, npc and npi are varied to get different types of loads such as constant 
impedance, constant current and constant power. These three types of loads can be represented by a single variant 
known as realistic ZIP load [14]. In this paper apart from the given load models the seasonal variation [16] of the 
load in IEEE 33 bus RDS is also considered. 
3. Results and discussions  
The IEEE 33 bus RDS is simulated in MATLAB 7.0.4 and to solve the optimization problem GAMS 23.4 
CONOPT solver is used taking MATLAB and GAMS interfacing [15]. The real and reactive prices with and 
without reconciliation factor are calculated for all the load models mentioned in section 2.4. The results are obtained 
for real and reactive power nodal prices with ZIP and RIC load taking seasonal load variations. The coefficients of 
the time varying load model and parameters used for ZIP load and RIC load are given in [14]. 
 
Fig.1. 24 hour (a) Active and (b) Reactive power price variation at 18th bus; (c) Active and (d) Reactive nodal price variation at 10th hour 
Figure 1(a) and 1(b) show the active and reactive price variation of 18th bus for the 24 hour period of operation, 
comparing with different kind of load models it can be seen that the price is higher in case of ZIP load followed by 
RIC and it also shows the price variations in winter, summer and spring seasons. It is seen that the peak load is 
occurring at 10th and 18th hours in all the load models hence for the 10th hour the variation of nodal prices for active 
and reactive powers are given in figure 1(c) and 1(d) respectively. From figure 1(c) and 1(d) the buses 18, 17 and 16 
are having higher price while the buses 1 to 5 are having lower prices compared to the other buses in the system. 
Figures 2and 3 and 4 and 5 give the nodal price variations among all nodes in the 24 hour operation period for both 
active and reactive powers in winter, summer seasons and with ZIP, RIC loads respectively. The results are given 
with and without reconciliation factor. Table 1 show the active power price at power supply point (node 1) for both 
ZIP and RIC loads in 24 hours with the consideration of reconciliation factor for calculation of MLC. 
(a) (b) 
(c) (d) 
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Table 1. Npi (USD/MWh) values at power supply point (node 1) for different loads considering reconciliation 
Hours RIC load ZIP load 
1 40.07602 40.07421 
2 40.07605 40.07438 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
40.07606 
40.07603 
40.07593 
40.07621 
40.07654 
40.07628 
40.07624 
40.07625 
40.07613 
40.07582 
40.07611 
40.07605 
40.07585 
40.07595 
40.07584 
40.07560 
40.07574 
40.07499 
40.07586 
40.07595 
40.07596 
40.07598 
40.07452 
40.07458 
40.07437 
40.07490 
40.07636 
40.07692 
40.07692 
40.07689 
40.07672 
40.07616 
40.07660 
40.07654 
40.07628 
40.07625 
40.07605 
40.07521 
40.07417 
40.07298 
40.07369 
40.07370 
40.07375 
40.07395 
 
Fig.2. Nodal prices for winter season (a) Active power (b) Reactive power nodal prices without reconciliation (c) Active power (d) Reactive 
power nodal prices with reconciliation 
(a) (b) 
(c) (d) 
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4. Conclusions 
In this paper a method for finding nodal prices in distribution systems is proposed considering the optimal power 
flow based approach taking the marginal loss coefficients in the model. Reconciliation factor is used to get the exact 
cost of losses. Nodal prices are obtained with ZIP load and RIC load. The seasonal load variations are also 
considered for the nodal price determination. It is observed that nodal prices varies with the load model and are 
different at each bus due to loss variations. At peak hours viz. 18th bus with ZIP load the nodal prices are higher. At 
all buses at 10th hr. where peak load occurs, the nodal prices are higher for ZIP load. The price variations are studied 
for different seasonal conditions such as summer, winter and spring seasons. Further work can be extended to see 
the effect of integration of renewable energy sources on electricity prices. 
 
  
Fig.3. Nodal prices for summer season (a) Active power (b) Reactive power nodal prices without reconciliation; (c) Active power (d) Reactive 
power nodal prices with reconciliation 
 
 
Fig.4. Nodal prices with ZIP load (a) Active power (b) Reactive power nodal prices without reconciliation; (c) Active power (d) Reactive power 
nodal prices with reconciliation 
(a) 
(a) 
(b) 
(b) 
(c) 
(c) 
(d) 
(d) 
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Fig.5. Nodal prices with RIC load (a) Active power (b) Reactive power nodal prices without reconciliation; (c) Active power (d) Reactive power 
nodal prices with reconciliation 
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